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Abstract
In this paper we consider the Bessel-Struve operator lα and the Bessel-
Struve intertwining operator χα and its dual, we define and study the
Bessel-Struve Sonine transform Sα,β on E(R). We prove that Sα,β is a
transmutation operator from lα into lβ on E(R) and we deduce similar
result for its dual S∗α,β on E ′(R). Furthermore, invoking Weyl integral
transform and the Dual Sonine transform tSα,β on D(R), we get a
relation between the Bessel-Struve transforms FαBS and FβBS .
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1 Introduction
Among the formulae listed in Watson’s classical monograph [9] there is the
following one due to Sonine [6]
jα(λ x) =
2Γ(α + 1)
Γ(β + 1)Γ(α− β)
∫ 1
0
(1− t2)α−β−1jβ(λ x t) t2β+1 dt
where jα is the normalized Bessel function
jα(z) = 2
αΓ(α + 1)z−αJα(z) = Γ(α+ 1)
+∞∑
n=0
(−1)n(z/2)2n
n!Γ(n + α + 1)
K.Trime`che introduced the Sonine integral transform, in [8], by
∀x ≥ 0, Sα,β(f)(x) = 2Γ(α+ 1)
Γ(β + 1)Γ(α− β)
∫ 1
0
(1− r2)α−β−1f(rx) r2β+1dr
This transform is related to the Bessel operator defined by
Lαu(x) =
d2u
dx2
(x) +
2α + 1
x
(
du
dx
(x)
)
, x ∈ R
where u designates an even function infinitely differentiable on R.
In this paper, we consider the differential operator lα , α > −1
2
, defined by
lαu(x) =
d2u
dx2
(x) +
2α + 1
x
(
du
dx
(x)− du
dx
(0)
)
, x ∈ R (1)
with u an infinitely differentiable function on R.
This operator is called Bessel-Struve operator. We remark that lα can be
expressed in the following form
∀ x ∈ R∗, lα(u)(x) = 1|x|2α+1
d
dx
(|x|2α+1 (u′(x)− u′(0))) (2)
For λ ∈ C, the differential equation :


lαu = λ
2 u
u(0) = 1, u′(0) =
λΓ(α+ 1)√
πΓ(α+ 3
2
)
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possesses a unique solution denoted Φα(λ.) and called Bessel-Struve kernel.
This kernel possesses the following integral representation :
∀x ∈ R, ∀λ ∈ C, Φα(λx) = 2Γ(α+ 1)√
πΓ(α+ 1
2
)
∫ 1
0
(1− t2)α− 12 eλxt dt (3)
Φα can be expressed using normalized Bessel function jα and normalized
Struve function hα by :
Φα(x) = jα(ix) − i hα(ix) , x ∈ R (4)
where
hα(z) = 2
αΓ(α+ 1)z−αHα(z) = Γ(α + 1)
+∞∑
n=0
(−1)n(z/2)2n+1
Γ(n+ 3
2
)Γ(n+ α + 3
2
)
Therefore, the Bessel-Struve kernel can be extended to an analytic function
on C and it has the form in a power series :
Φα(z) =
+∞∑
n=0
zn
cn(α)
, z ∈ C (5)
where cn(α) =
√
πn!Γ(n
2
+ α + 1)
Γ(α + 1)Γ(n+1
2
)
The outline of the content of the paper is as follows
In section 2, we give some results about harmonic analysis associated to
Bessel-Struve operator which we will use later.
In section 3, we deal with Sonine transform defined by
∀x ∈ R, Sα,β(f)(x) = 2Γ(α + 1)
Γ(β + 1)Γ(α− β)
∫ 1
0
(1− r2)α−β−1f(rx) r2β+1dr
Firstly, we find that Sα,β verifies the following relation
∀f ∈ E(R), lα(Sα,β(f)) = Sα,β(lβ(f))
Next, we prove that Sα,β is an isomorphism from E(R) into it self. These
two statements allows us to say that Sα,β is a transmutation operator from
lα into lβ on E(R).
In section 4, we define the dual of Sα,β on E ′(R) denoted S∗α,β. We prove that
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S∗α,β is a transmutation operator from lβ into lα on E ′(R). Furthermore, we
consider the dual Sonine integral transform tSα,β in the following sense∫
R
Sα,β(g)(x) f(x) |x|2α+1 dx =
∫
R
tSα,β(f)(x) g(x) |x|2β+1 dx
We express tSα,β using Weyl integral transform associated to Bessel-Struve
operator introduced by the authors in [1] and we find a relation between the
Bessel-Struve transforms FαB,S and FβB,S on D(R)
Similar results about Sonine transform have been obtained by K.Trime`che
in [8] for the Bessel operator. Recently, Mourou in [3], [4] and Soltani in [7]
obtain analogous results in the framework of Dunkl operator.
2 Bessel-Struve intertwining operator and its
dual
E(R) designates the space of infinitely differentiable functions f on R, pro-
vided with the topology defined by the semi norms
pn,a(f) = sup
0≤k≤n
x∈[−a,a]
|f (k)(x)|
where a > 0 and n ∈ N.
The Bessel-Struve intertwining operator on R denoted χα, introduced by L.
Kamoun and M. Sifi in [2], is defined by :
χα(f)(x) =
2Γ(α + 1)√
πΓ(α+ 1
2
)
∫ 1
0
(1− t2)α− 12 f(xt) dt , f ∈ E(R), x ∈ R (6)
It verifies the following properties
Let f be in E(R)
χα(f)(0) = f(0) (7)
[χα(f)]
′(0) =
Γ(α+ 1)√
πΓ(α + 3
2
)
f ′(0) (8)
∀λ ∈ R, Φα(λ .) = χα(eλ .) (9)
We consider the differential operator
d
dx2
=
1
2x
d
dx
.
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Theorem 2.1 [2, Theorem 1] The operator χα, α > −12 , is a topological
isomorphism from E(R) onto itself. The inverse operator χ−1α is given for all
f in E(R) by
(i) if α = r + k , k ∈ N , −1
2
< r < 1
2
χ−1α f(x) =
2
√
π
Γ(α+ 1)Γ(1
2
− r)x(
d
dx2
)k+1
[∫ x
0
(x2 − t2)−r− 12 |t|2α+1f(t) dt
]
(ii) if α = 1
2
+ k , k ∈ N
χ−1α f(x) =
22k+1k!
(2k + 1)!
x (
d
dx2
)k+1
(
x2k+1f(x)
)
, x ∈ R
Proposition 2.1 [2, Proposition 1] χα is a transmutation operator from lα
into D2 on E(R). Namely χα is an isomorphism from E(R) into itself and
verifies
lα ◦ χα = χα ◦D2
Definition 2.1 We define the dual transform of χα, denoted χ
∗
α, on E ′(R)
by
< χ∗α(T ), f >=< T, χαf > , T ∈ E ′(R) , f ∈ E(R) (10)
Theorem 2.2 [1, Corrollary 3.1] χ∗α is an isomorphism from E ′(R) into
itself.
We denote by L1α(R) the space of measurable functions f verifying∫
R
|f(t)| |t|2α+1 dt < +∞
Definition 2.2 For f ∈ L1α(R) with bounded support, we define the integral
transform Wα by
Wαf(y) =
2Γ(α + 1)√
π Γ(α+ 1
2
)
∫ +∞
|y|
(x2 − y2)α− 12 x f(sgn(y)x) dx , y ∈ R⋆ (11)
Wα is called Weyl integral transform associated to Bessel-Struve operator.
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Remark 2.1 By a change of variable, Wαf can be written
Wαf(y) =
2Γ(α + 1)√
π Γ(α+ 1
2
)
|y|2α+1
∫ +∞
1
(t2 − 1)α− 12 t f(ty) dt , y ∈ R⋆ (12)
We designate by K0 the space of functions f infinitely differentiable on
R
∗ with bounded support verifying for all n ∈ N,
lim
y→0
y>0
ynf (n)(y) and lim
y→0
y<0
ynf (n)(y)
exist.
Remark 2.2 From Lemma 3.1 of [1], one can see that, if f belongs to D(R)
then Wα(f) belongs to K0. On the other hand, Proposition 3.2 of [1] says
that Wα is a bounded operator from L
1
α(R) into L
1(R).
Proposition 2.2 Let f be a function in E(R) and g a function in L1α(R)
with bounded support, the operators χα and Wα are related by the following
relation ∫
R
χαf(x) g(x)|x|2α+1 dx =
∫
R
f(x)Wαg(x)dx (13)
Proof. By a change of variable, we have∫
R
χαf(x) g(x)|x|2α+1 dx =
2Γ(α+ 1)√
πΓ(α + 1
2
)
∫
R
(∫ x
0
(x2 − y2)α− 12 f(y)dy
)
x g(x)dx
Using Chasles relation and applying Fubini’s theorem, we obtain∫
R
χαf(x) g(x)|x|2α+1 dx =
2Γ(α+ 1)√
πΓ(α + 1
2
)
∫ +∞
0
(∫ +∞
y
(x2 − y2)α− 12x g(x)dx
)
f(y)dy
− 2Γ(α+ 1)√
πΓ(α + 1
2
)
∫ 0
−∞
(∫ y
−∞
(x2 − y2)α− 12x g(−x)dx
)
f(y)dy
Finally, by a change of variable, we get∫
R
χαf(x) g(x)|x|2α+1 dx
=
2Γ(α+ 1)√
πΓ(α + 1
2
)
∫
R
(∫ +∞
|y|
(x2 − y2)α− 12x g((sign(y)x)dx
)
f(y)dy
=
∫
R
f(y)Wαg(y)dy 
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Proposition 3.4 of [1] allows us to give the following definition
Definition 2.3 We define the operator Vα on K0 as follows
(i) If α = k + 1
2
, k ∈ N and f ∈ K0
Vαf(x) = (−1)k+1 2
2k+1k!
(2k + 1)!
(
d
dx2
)k+1
(f(x)) , x ∈ R⋆
(ii) If α = k + r, k ∈ N , −1
2
< r < 1
2
and f ∈ K0
Vαf(x) = c1
∫ +∞
|x|
(y2 − x2)−r− 12
(
d
dy2
)k+1
(f)(sgn(x)y) y dy , x ∈ R⋆
where c1 =
(−1)k+12√π
Γ(α + 1)Γ(1
2
− r)
Proposition 2.3 For f in K0, Vα(f) belongs to L1α(R) and has a bounded
support.
Proof. If supp(f) is included in [−a, a] then it’s clear that supp(Vα) is
included in [−a, a].
For α = k + 1
2
, we obtain from [1, Lemma 3.2]
Vαf(x) = (−1)k+1 2
2k+1k! x
(2k + 1)!
k+1∑
i=0
βk+1i x
−2k−2+if (i)(x)
Since f be in K0, we get |x|2k+2Vα(f) ∈ L1(R) which proves that Vαf belongs
to L1α(R).
For α = k + r, if x > 0, from [1, Lemma 3.2]
Vαf(x) = c1
k+1∑
i=0
βk+1i
∫ +∞
x
(y2 − x2)−r− 12 y−2k−1+if (i)(y)dy
By a change of variables,
x2α+1Vαf(x) = c1
k+1∑
i=0
βk+1i
∫ +∞
1
(t2 − 1)−r− 12 t−2k−1(tx)if (i)(tx)dt
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If x < 0, by a change of variables and using [1, Lemma 3.2], we can write
Vαf(x) = c1
k+1∑
i=0
βk+1i
∫ x
−∞
(y2 − x2)−r− 12 y−2k−1+if (i)(y)dy
|x|2α+1Vαf(x) = c1
k+1∑
i=0
βk+1i (sign(x))
2k+1
∫ +∞
1
(t2−1)−r− 12 t−2k−1(tx)if (i)(tx)dt
Therefore, we see that lim
x→0
x>0
|x|2α+1Vαf(x) exists from dominated convergence
theorem. Since Vαf is with bounded support then Vαf belongs to L
1
α(R) 
Proposition 2.4 [1, Remark 3.3] The operators Vα and χ
−1
α are related by
the following relation
∫
R
Vαf(x) g(x)|x|2α+1 dx =
∫
R
f(x)χ−1α g(x) dx (14)
for all f ∈ K0 and g ∈ E(R)
Lemma 2.1 Let f be a function in K0 then Wα(Vα(f)) = f on R∗
Proof. Using Proposition 2.3 and relation (13), we get, for all g ∈ E(R)
∫
R
Wα(Vα(f))(x) g(x) dx =
∫
R
Vα(f)(x)χα(g(x))|x|2α+1 dx
By relation(14), we deduce that
∫
R
Wα(Vα(f))(x) g(x) dx =
∫
R
f(x) g(x) dx
Therefore
Wα(Vα(f))(x) = f(x) , a.e. x ∈ R
Since Wα(Vα(f)) and f are both continuous functions on R
∗, we get for all
x ∈ R∗, Wα(Vα(f))(x) = f(x). 
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3 Sonine integral transform
Throughout this section α and β are two real numbers verifying α > β >
−1
2
.
In the next Proposition, we establish an analogue of Sonine formula
Proposition 3.1 We have the following relation
Φα(λ x) = aα,β
∫ 1
0
(1− t2)α−β−1Φβ(λ x t) t2β+1 dt (15)
where
aα,β =
2Γ(α+ 1)
Γ(β + 1)Γ(α− β)
Proof. From relation (5), we have
∫ 1
0
(1− t2)α−β−1Φβ(λ x t) t2β+1 dt =
+∞∑
n=0
(λ x)n
cn(β)
In(α, β)
where
In(α, β) =
∫ 1
0
(1− t2)α−β−1 t2β+n+1dt
=
1
2
∫ 1
0
(1− y)α−β−1 yβ+n2 dy
=
Γ(α− β)Γ(β + n
2
+ 1)
2 Γ(α+ n
2
+ 1)
Then
∫ 1
0
(1− t2)α−β−1Φβ(λ x t) t2β+1 dt = Γ(α− β)Γ(β + 1)
2 Γ(α+ 1)
Φα(λ x)

Definition 3.1 Let f be a continuous function on R. We define the Sonine
integral transform as in [8] by, for all x ∈ R
Sα,β(f)(x) =
2Γ(α+ 1)
Γ(β + 1)Γ(α− β)
∫ 1
0
(1− r2)α−β−1f(rx) r2β+1dr (16)
Remark 3.1 The following relation yields from relation (15)
Sα,β(Φβ(λ .))(x) = Φα(λ x) , x ∈ R
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Proposition 3.2 For f bounded continuous function on R, the function
Sα,β(f) is continuous on R and we have
‖Sα,β(f)‖∞ ≤ ‖f‖∞ (17)
where ‖f‖∞ = sup
x∈R
|f(x)|
Proof. The result follows from continuity’s theorem and the fact that
∫ 1
0
(1− r2)α−β−1 r2β+1dr = Γ(β + 1)Γ(α− β)
2Γ(α+ 1)

Theorem 3.1 For f a function of class C2 on R, Sα,β(f) is a function of
class C2 on R and we have
∀x ∈ R, lα(Sα,β(f))(x) = Sα,β(lβ(f))(x) (18)
Proof. Using the theorem of derivation under the integral sign, we can prove
that Sα,β(f) is of class C
2 on R and
∀x ∈ R, [Sα,β(f)]′(x) = 2Γ(α+ 1)
Γ(β + 1)Γ(α− β)
∫ 1
0
(1− r2)α−β−1f ′(rx) r2β+2dr
By making the change of variable t = rx, we get for all x ∈ R⋆
[Sα,β(f)]
′(x)− [Sα,β(f)]′(0) =
2Γ(α + 1)sign(x)|x|−2α−1
Γ(β + 1)Γ(α− β)
∫ x
0
(x2 − t2)α−β−1[f ′(t)− f ′(0)] |t|2β+2dt
Next, invoking relation (2), we obtain by integration by parts
[Sα,β(f)]
′(x)−[Sα,β(f)]′(0) = Γ(α+ 1)|x|
−2α−1
Γ(β + 1)Γ(α− β + 1)
∫ x
0
(x2−t2)α−βlβ(f)(t) |t|2β+1dt
we derive the two sides of the equation above, we obtain by virtue of the
theorem of derivation under the integral sign
[Sα,β(f)]
′′(x) =
(2α+ 1)Γ(α+ 1)(−sign(x))|x|−2α−2
Γ(β + 1)Γ(α− β + 1)
∫ x
0
(x2−t2)α−βlβ(f)(t) |t|2β+1dt
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+
Γ(α + 1)2x|x|−2α−1
Γ(β + 1)Γ(α− β)
∫ x
0
(x2 − t2)α−β−1lβ(f)(t) |t|2β+1dt
Then
lα(Sα,β(f))(x) = [Sα,β(f)]
′′(x) +
2α + 1
x
(
[Sα,β(f)]
′(x)− [Sα,β(f)]′(0))
=
2Γ(α+ 1)sign(x)|x|−2α
Γ(β + 1)Γ(α− β)
∫ x
0
(x2 − t2)α−β−1lβ(f)(t) |t|2β+1dt
=
2Γ(α + 1)
Γ(β + 1)Γ(α− β)
∫ 1
0
(1− u2)α−β−1lβ(f)(xu) u2β+1du
= Sα,β(lβf)(x) 
Proposition 3.3 For all f in E(R) the function Sα,β(f) belongs to E(R).
The operator Sα,β is continuous from E(R) into itself.
Proof. We deduce the wanted result using the theorem of derivation and
proposition 3.2. 
Remark 3.2 Let f be a function of class C1 on R, we have
Sα,β(f)(0) = f(0) (19)
[Sα,β(f)]
′(0) =
Γ(α + 1)Γ(β + 3
2
)
Γ(β + 1)Γ(α+ 3
2
)
f ′(0) (20)
Theorem 3.2 The Sonine transform is a topological isomorphism from E(R)
into itself. Furthermore, it verifies
Sα,β = χα ◦ χ−1β (21)
The inverse operator is
S−1α,β = χβ ◦ χ−1α (22)
Proof. We denote
Pα,β = Sα,β(f)− χα ◦ χ−1β
Using theorem 3.1, relation (9) and proposition 2.1, we have
lαPα,β(Φβ(λ.)) = Sα,β ◦ lβ ◦ χβ(eλ .)− lα ◦ χα(eλ .)
= λ2 Sα,β ◦ χβ(eλ .)− λ2χα(eλ .)
= λ2 Pα,β(Φβ(λ .))
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Furthermore, from relations (7) and (19), we deduce that
Pα,β(Φβ(λ.))(0) = 0
and, from relations (8) and (20), we get
[Pα,β(Φβ(λ.))]
′(0) = 0
From the uniqueness of the solution of the differential equation lαu = λ
2u
with the initial condition u(0) = u′(0) = 0, we obtain Pα,β(Φβ(λ .)) = 0.
Thus the density of the family {Φα(λ .)}λ∈R in E(R) implies that for all
f ∈ E(R), Pα,β(f) = 0 which proves the relation (21) 
Remark 3.3 By theorem 3.1 and theorem 3.2, we conclude that Sα,β is a
transmutation operator from lα into lβ on E(R).
4 The Dual Sonine transform
Definition 4.1 Since lα is a bounded linear operator from E(R) into itself,
we define, for T ∈ E ′(R), lαT the compactly supported distribution on R by
< lαT, f >=< T, lαf > , f ∈ E(R)
Theorem 4.1 The dual transform S∗α,β of Sα,β defined on E ′(R) by
< S∗α,βT, f >=< T, Sα,βf > , f ∈ E(R)
is an isomorphism of E ′(R) into itself, satisfying the intertwining relation
lβ(S
∗
α,βT ) = S
∗
α,β(lαT ) , T ∈ E ′(R) (23)
Proof. From theorem 3.2, we deduce by duality that S∗α,β is an isomorphism
from E ′(R) into itself. Using theorem 3.1, we obtain
< lβS
∗
α,βT, f >=< S
∗
α,βlαT, f >
which gives the wanted result.

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Remark 4.1 From theorem 3.2 we deduce that
S∗α,β = (χ
−1
β )
∗ ◦ χ∗α (24)
Definition 4.2 We define the Bessel-Struve transform on E ′(R) by
∀T ∈ E ′(R) , ∀λ ∈ R, FαB,S(T )(λ) =< T,Φα(−iλ.) > (25)
Proposition 4.1 [1, Proposition 4.4] For all T ∈ E ′(R) ,
FαB,S(T ) = F ◦ χ⋆α(T ) (26)
where F is the classical Fourier transform on E ′(R).
The Bessel-Struve translation operator is given by
τaf(x) = χα,aχα,x[χ
−1
α (f)(a+ x)]
It is shown in [2, Proposition 4] that this translation operator is the unique
solution C∞ on R× R of the Cauchy problem

lα,au(a, x) = lα,xu(a, x)
u(0, x) = f(x)
Dau(0, x) = Df(x)
where f ∈ E(R)
This translation operator has the following properties
(i) The operator τa is a linear continuous operator from E(R) into itself.
(ii) ∀ u ∈ E(R), ∀a, x ∈ R, we have
τau(x) = τxu(a), τ0u(x) = u(x)
τa ◦ τx = τx ◦ τa, lα ◦ τa = τa ◦ lα
(iii) The operator τa verifies the following type product formula
∀ a, x ∈ R, τa(Φα(λ.))(x) = Φα(λx) Φα(λa) (27)
Definition 4.3 The convolution product of two elements T and K in E ′(R)
is defined by
< T ⋆α K, f >=< Ta, < Kx, τaf(x) >> , f ∈ E(R) (28)
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The convolution product ⋆α satisfies the following property
Proposition 4.2 Let T,K ∈ E ′(R) then
FαB,S(T ⋆α K) = FαB,S(T )FαB,S(K) (29)
Proof. From relations (25) and (28), we have
FαBS(T ⋆α K)(λ) =< Tx, < Ky, τxΦα(λy) >>
Invoking relations (27) and (25), we obtain the desired result. 
Theorem 4.2 We have
1. For all T ∈ E ′(R)
FαBS(T ) = FβBS(S∗α,βT )
2. For all T,K ∈ E ′(R),
S∗α,β(T ⋆α K) = S
∗
α,β(T ) ⋆β S
∗
α,β(K)
Proof. The first statement can be deduced from relations (26) and (24).
The second statement follows by applying FβBS on both sides and using state-
ment 1 and relation (29). 
Definition 4.4 For f continuous function on R, with compact support, we
define the Dual Sonine transform denoted tSα,β by
tSα,β(f)(x) = aα,β
∫ +∞
|x|
(y2 − x2)α−β−1y f(sgn(x)y)dy , x ∈ R∗ (30)
where aα,β is given in Proposition 3.1.
Remark 4.2 Invoking relations (30) and (11), we get
tSα,β(f)(x) =
√
πΓ(α+ 1)
Γ(β + 1)Γ(α− β + 1
2
)
Wα−β− 1
2
(f)(x) , x ∈ R (31)
Proposition 4.3 the Dual Sonine transform verifies the following relation
for all f ∈ D(R) and g ∈ E(R),∫
R
Sα,β(g)(x) f(x) |x|2α+1 dx =
∫
R
tSα,β(f)(x) g(x) |x|2β+1 dx (32)
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Proof. We obtain the result using relations (16) and (30) and Fubini’s
theorem. 
Theorem 4.3 For all f in D(R), we have
tSα,β(f) = Vβ(Wα(f)) (33)
Proof. From relations (32), (21),(13) and (14) we obtain for f in D(R) and
g ∈ E(R)∫
R
tSα,β(f)(y)g(y)|y|2β+1dy =
∫
R
Vβ(Wα(f))(y)g(y)|y|2β+1dy
As the functions tSα,β(f) and Vβ(Wα(f)) are with compact support , then
tSα,β(f) = Vβ(Wα(f)) a.e
Since both functions are continuous on R∗, we get
∀ x ∈ R∗, tSα,β(f)(x) = Vβ(Wα(f))(x) 
Definition 4.5 The Bessel-Struve transform is defined on L1α(R) by
∀λ ∈ R, FαB,S(f)(λ) =
∫
R
f(x) Φα(−iλx) |x|2α+1dx (34)
Proposition 4.4 Let f be a function in L1α(R) with bounded support, then
we have
FαB,S(f) = F ◦Wα(f) (35)
where F is the classical Fourier transform defined on L1(R) by
F(g)(λ) =
∫
R
g(x)e−iλxdx
Proof. We proceed in similar way as proposition 3.2 in [1]

Corollary 4.1 For all f ∈ D(R), we have the following decomposition:
FαBS(f) = FβBS ◦ tSα,β(f)
Proof. Let f ∈ D(R) with support included in [−a, a]. Invoking relation
(31), we can see that tSα,β(f) is continuous function on R
∗ with support
included in [−a, a] and verifying lim
x→0
x<0
f(x) and lim
x→0
x>0
f(x) exist. Then we
deduce the result from relation (35), theorem 4.3 and Lemma 2.1. 
16 L. Kamoun and S. Negzaoui
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